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Non-lincar regression was applied for calculation of diffusion cocfficients of gases through a flat
polymeric membrane from the experimental data obtained by the flow permeation method with the
thermal conductivity detection of composition of gascous mixture. To verify this method a poly-
cthylene and carbon dioxide was chosen. Diffusion coefficients of carbon dioxide in the low-density
polycthylene of two different thickness at the temperature of 25 °C were determined with precision
about +2.5% in agreement with literature.

The mass transport through an isotropic non-porous membrane caused by the gradicnt
of chemical potential is influenced by propertics of both, the membranc and the pene-
trating substance, being characterized by the diffusion coefficient. Permeation and
sorption measurements are two experimental methods commonly used to determine the
transport parameters of gases through a membranc 2.

The experimental sct-up of the differential (flow) permeation method consists of a
cell partitioned with a flat membrane. One side of the membrane is {lowed round by a
carricr gas (al a constant rate) and the second side by a gas (or vapour) whose per-
meability through the membrane is measured. The sample gas penctrated through the
membrane is mixed with the carricr gas, and the composition of the gascous mixture is
determined in terms of the change of thermal conductivity of the system® = 6. The
change of thermal conductivity is proportional to the measured gas concentration and is
connected with the diffusion flux density of a gas through the membranc which is
dircctly related to the permeability cocfficient of the sample gas.

* The author to whom correspondence should be addressed.
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A source of crror in differential permeation method derives from the fact that a
measured transient signal always includes contributions of spurious time lags, such as
holdup times in feed effluent lines, residence and mixing times in the cell and instru-
ment responsc times. The aim of present work has been to show that the method of
non-linear regression enables to determine the diffusion coefficient of gases in a mem-
branc without the knowledge of experimental spurious time lags values.

THEORETICAL

The mass balance of the sample gas M and the carrier gas N in the upper compartment
of the permeation cell at unit arca of the membrane yiclds to the equations (sce Fig. 1)

dey
V_E"'FM'JM:O’ )
dey
V"E+FN-GN+JN=O. (2)
Since
FM = CMO, (3)
Fy = o0, )

and assuming that the permeation fluxes Jy, and Jy do not affect onc another we can
obtain from Eqs (1) — (4) that’
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The mass balance of gases in the permeation cell
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Ju = V4 en0. Q)

The solution of this differential cquation for ¢y = 0 at T = 0 leads to the relation

= %ﬂ [1 - cxp(— ‘2/ r)] , 6)

from which it follows that in stcady state for T — ©

Jyton
Mo = o - )

During cxperiment the flow rates Gy and Gy arc kept constant. Therefore a change
of the flow ratc of gas mixture lcaving the cell can be caused by change of the diffusion
flux of carricr gas Jy into the carricr gas or by change of the diffusion flux of carricr
gas Jyy into the sample gas only.

If it is supposed that the ration of 0/0,, cquals to onc, than, with respect to Eq. @,
the Eq. (6) can be rearranged to the form

™m Im 0
e T [1 - cxp(—- v T)] ®)

The change of the thermal conductivity of the carricr gas is detected by a couple of
thermistors as the thermal conductivity detector (TCD) which are installed in the
Wheatstone bridge circuit. At the low concentration the dependence of the output volt-
age of TCD on the volume concentration of sample gas ¢y is given by ref.’

ey = kU. ©

A combination of Egs (8) and (9) leads to the rclation which expresses the depend-
cnce of output voltage of TCD on time

u = U, m [1 - cxp(— % T)} (10)

Ratio of the density of diffusion flux at time T to the density of diffusion {lux at
stcady state through the membranc of finite dimensions bounded by planes z = 0 and
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z = [ for constant diffusion coefficient and under the initial and boundary conditions
which correspond to experiment, i. ¢. the constant concentration of sample gas at z = 0,
constant, zero concentration of sample gas at z = / and zero concentration of sample gas
in membranc at t = 0, is given by refs*>8

Im o n*n’v
— =14+2 -1)" exp|-D ——]. 11
T 7 123 o]0 ] o

The alternative procedure of solution of the given problem stems from the relation
which was obtained by Rogers, Buritz and Alpert®. Solving the second Fick law under

the given initial and boundary conditions they obtained the relation

v _ AP Qm+ 172 P
T = 2 VaDe Ecx"[“ 4Dt } (72)

m=0

The combination of Eqs (10) with (17) or (12) leads to the expressions

0 i 2 42
u = U, [l - cxp(— v 1:)} 1+ 2"21 -1y cxp(—D n—%—t) (13)
and
2 2 2p2
U =2uU, [1 - cxp(— TO/ r)] V ﬂ'Dr D cxp[— Q—'—Z%L)i]. (14)
m=0

Equations (13) and (I4) cxpress the dependence of output voltage of TCD on time,
diffusion cocfficicnt and thickness of the membrane and cnable us to determine the
diffusion cocfficient of gascs through the membranc of given thickness by several dif-
ferent methods including the method of non-linear regression.

Determination of Diffusion Coefficient by Non-Linear Regression

The simplex method!? solved successfully simulated data. The sum of squared residuals
I
is formulated by

S = 2 (chp - Ucalc)Z’ (15)

i=1
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where j is the number of experimental points and the model function U, is defincd by
Eq. (13)

© 2 2 _
Uge = A, [1 - oxp=Ay@-a |1 + 23 -1y cxp(%i—r)) ., (16)

n=1

where
A =U, A, = 12/D
Ay = 0V A, = T, 17)
or by Eq. (14)
U,. = AL [1 - exp(-A;(t-A ))]icx M 18)
cale — ‘/JT(T—AA) I 3 4 o~ p 4(A4—T) ’
where
Al = U, (/D)2 19)

and A,, A,, A, being defined by the same relations as in Eq. (17).

Parameter A, in both model functions represents spurious time lag, i.c. transport
delay of gas from the valves to membrane, residence and mixing times in the cell,
response time of TCD, etc.

Determination of Permeability Coefficient

The values of U, enable to calculate the permcability cocfficient of sample gas by
relation® ~ 6

P =KO0U_I, (20)
where

K = (k T,/A p,T). @n
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EXPERIMENTAL

Differential permeation method with a thermal conductivity detection of composition of gaseous mix-
ture was used for the experimental determination of membranc transport paramecters of gases.

A couple of thermistors installed in the Wheatstone bridge was the thermal conductivity detector
(TCD). Output voltage of TCD is proportional to the composition of the gaseous mixture and to the
permeation flux as well. Both the composition and the conscquently recorded output voltage may
change with time up to the constant maximum values which correspond to establishment of steady
state.

The permeability and diffusion cocfficients can be determined from the maximum value and the
time dependence of output voltage if the flow rate of the carrier gas is kept constant and TCD sensi-
tivity is constant, too.

The apparatus for determination of permeability and diffusion coefficients together with operating
procedure was described in detail previously®.

The system polyethylene—carbon dioxide was chosen as a model. Commercial, low-density poly-
cthylene BRALEN (Slovnaft Bratislava, The Slovak Republic) has a density p = 0.92 g cm™3,

RESULTS AND DISCUSSION

In objective function the sum of an infinite scries in Eqs (16) and (18) is necessary to
substitute by the partial sum of serics. To accelerate the calculation it is convenient to
usc the partial sum of scries with the lowest number of members. But a great reduction
of number of the partial sum of members influences negatively on the accuracy and
precision of dctermination minimum of the objective function.

Iflin the wide interval of experimental time the expression exp(=t 0/V) tends to zcro,
than the paramcter A, is in an objective function ill-conditioned and the non-linear
regression algorithm does not work. The ill-conditioning this paramcter has no in-
fluence on an accuracy of other parameters estimated.

Before evaluation of experimental data the objective function and algorithm of non-
lincar regression were verified on simulated data. System of low-density polycthylene
and carbon dioxide at the temperature of 25 °C was chosen as model because for this
system a lot of published experimental data**!! js available.

The determination of global minimum of objective function by cvaluation of the
cxperimental data is quite fast. The precision of estimates may be decided on the base
ol analysis of residuals. Residuals have no trend, their signs change sufficiently. The
value of the residuals mean is comparable with the experimental crror (sec Figs 2
and 3).

The diffusion cocfficicnts on the basis of relations (716) — (19) were determined, and
for determination of permeability cocfficients the relations (20) and (21) with the fol-
lowing cxperimental parameters were used:

k=85897 .10V 0=4.10"m*s"", A =4.908 . 10-*m?, T = 298.15 K.
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The values of diffusion cocfficients and permeability cocfficients of carbon dioxide
in low-density polycthylene at temperature of 25 °C and membrane thickness [ =
5.10mand [ =1.10"* m arc given in Table I. The average values of D and P with
the standard deviation o are shown in Table II. The permeability coefficients were
calculated with precision of about +2.0%, the diffusion cocfficients with precision
about +2.5%.

The method of moments published by Felder'? to determine D in the same specimens
of polyethylenc!? was also used for comparison, because the Felder’s method gives the
possibility to determine diffusion coefficients with high precision. The average values
of D with the standard deviation are given in Table IIL

It is known that permcability and diffusivity of gases depends mainly on the density
and degree of crystallinity of polycthylene (PE), on the thickness of polymer samples,
on the mecthod of sample preparation and many other factors>!!. From this point of
view our values of permeability and diffusion cocfficients arc in relatively good agree-
ment with the literature data, obtained by asymptotic solution of the diffusion equations.
Michacls and Bixler!! published for PE (density p = 0.9137 g em™, volume fraction of
amorphous phase o = 0.57 and thickness of PE specimens in the range of 2.4 . 10~ m to
1.78 . 1073 m) the values of P = 9.474 . 1077 m*(STP) m (m?s Pa)™' and D = 3.72 .
1071 m2s7L.

Pasternak, Schimscheimer and Heller* also used the differential permeation method
and published for low-density PE of thickness / = 8.64 . 10°m, P = 870 . 1077
m*(STP) m (m2s Pa)~' and D=3 . 107" m?s™!, for PEof / = 12.74 . 10~ m, P = 7.951 .
10717 m3(STP) m (m?s Pa)™' and D = 3.70 . 107" m?s7".
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Fig. 2 FiG. 3
Time dependence of experimental and calcu- Time dependence of residuals of experimental
lated output voltage U in experiment No. 15 and calculated output voltage U in experiment
(see Table I) No. 15 (see Table I)

Collect. Czech. Chem. Commun. (Vol. 58) (1993)



Diffusion Coefficients of Gases

2843

TABLE 1
Experimental results in polyethylenc—carbon dioxide system at 298.15 K; diffusion, D, and per-
meability, P, cocfficients for membrancs of two different thickness, /¢

No. D .21(3:‘ P 10‘: A N D .21(3:' L P 10“; B
m-s m°(STP) m (m” s Pa) m”s m’(STP) m (m® s Pa)

1 2.154 8.147 20 4.155 1.187
2 1.615 8.125 21 3.496 1.263
3 1.574 8.356 22 3.470 1.237
4 1.827 8.041 23 3.516 1.111
S 1.993 8.372 24 3.188 1.222
6 1.691 8.363 25 4.092 1.172
7 1.703 8.200 26 4.135 1.126
8 1.818 8.194 27 3.584 1.153
9 1.631 8.181 28 4.101 1.057
10 2.134 7.833 29 3.464 1.121
11 2014 7.825 30 3.325 1.104
12 1.738 7.672 31 3.298 1.095
13 1.740 7.726 32 3.490 1.159
14 1.779 7.613 33 3.025 1.041
15 1.786 7.776 34 3.407 1.040
16 1.890 7.175 35 3.976 1.005
17 1.762 7.662 36 3.595 1.369
18 2.124 7.381 37 3.756 1.048
19 1.720 7.703 38 3.645 1.067
39 3.786 1.221

“ForNos 1 =19,/ =5 .

Ta

BLE 11

107 m; for Nos 20 = 39, [ = 1 . 10™ m.

Permeability, P, and diffusion, D, cocfficients of CO, through PE membrance of thickness 1 obtained

by non-lincar regression

/, m D, m?s™! P, n13(S'l'l’) m (m?s Pa)™
5.107 (1.826 = 0.041) . 107" (7913 £ 0.079) . 107"
10. 107 (3.625 = 0.073) . 107" (1.140 = 0.020) . 107'°
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TasLE 11
Diffusion coefficient, D, of CO, through PE membranc obtaincd by Felder’s method of moments
! is membrane thickness

12,13,
’

I, m D, m?s™!
5.107° (1.871 = 0.063) . 107"
10. 107 (3.170 = 0.061) . 107"

It can be concluded that the main advantage of cvaluation of expcrimental data by
the non-linear regression consists in fact, that it is not nccessary to determine all par-
ameters of given system. Above all, it is not necessary to know exactly the spurious
time which is not casy to determine'2. The method of non-lincar regression is gencrally
applicable for any combination of experimental conditions and in comparison to other
methods an cvaluation of cxperimental data by this method is possible without simpli-
fying assumptions.

SYMBOLS
A membrane area, m?
c volume concentration of gas
D diffusion coefficient, m?s™!
F flow rate of gas outgoing the cell, m3s™!
G flow rate of gas ingoing to the cell, m3s™!
J number of experimental points
J permeation flux of gas, m3s™!
k constant of proportionality (determined by calibration of apparatus), v-!
K constant defined by Eq. (21)
1 membrane thickness, m
pPo standard pressure, 101.325 kPa
P permeability coefficient, m3(STP) m (m?s Pa)™!
N objective function given by Eq. (15)
T temperature, K
To standard temperature, 273.15 K
U output voltage, V
1% volume of the upper compartment of the cell, m?
z plane position, m
0 flow rate of gas mixture outgoing the cell, m?s!
o standard deviation
T time, s
™ parasitic time, time lag, time delay, s

Collect. Czech. Chem. Commun. (Vol. 58) (1993)



Diffusion Cocfficients of Gases 2845

Subscripts
M sample gas
N carrier gas
00 steady state
cxp experimental value
calc model value

REFERENCES

1. Felder R. M., Huvard G. S. in: Methods of Experimental Physics (R. A. Fava, Ed.), Vol. 16c,
Chap. 17, p. 315. Academic Press, London 1980.

. Crank J., Park G. S.: Diffusion in Polymers. Academic Press, London and New York 1968.

- Yasuda H., Rosengren K. J.: J. Appl. Polym. Sci. 14, 2839 (1970).

. Pasternak R. A., Schimscheimer J. F., Heller J.: J. Polym. Sci., A-2 8, 467 (1970).

. Sipek M., Jehlicka V., Nguyen X. Quang: Chem. Listy 76, 273 (1982).

. S‘fpck M., Jehlicka V., Dolezal B., glépck J., Pejznochova I1.: Sb. Vys. Sk. Chem.-Technol. Praze
S$-9, 111 (1983).

7. Keulemans A. I. M.: Gas Chromatography. Van Nostrand Reinhold, New York 1959.

8. Crank J.: The Mathematics of Diffusion, 2nd ed. Clarendon Press, Oxford 1975.

9. Rogers W. A, Buritz R. S., Alpert D.: J. Appl. Phys. 25, 868 (1954).

10. Doerffel K., Eckschlager K.: Optimdlni postup chemické analyzy. SNTL, Praha 1988.

L1. Michacls A. S., Bixler H. J.: J. Polym. Sci. 50, 413 (1961).

12. Felder R. M., Ferrel J. K.: AIChE J. 22, 4 (1976).

13. Jirdsek J., Sipek M.: Collect. Czech. Chem. Commun. 58, 252 (1993).

[ NV, I SR VY ]

Translated by the author (M. S.).

Collect. Czech. Chem. Commun. (Vol. 58) (1993)





